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Abstract
This paper concerns global weak solutions of the Navier–Stokes equations for three-dimensional compressible barotropic flow
in the whole space R3 subject to large external potential forces with discontinuous initial data. For general monotone increasing
pressure, which includes the typical polytropic model for any positive ratio of specific heats, when there exists a unique steady state
away from vacuum and the initial perturbation is suitably small in L2 ∩ L∞ for density and in H 1 for velocity, the authors obtain
the global existence of weak solutions by making a full use of the structure of the compressible Navier–Stokes equations and the
steady states.
© 2010 Elsevier Masson SAS. All rights reserved.
Résumé
Cet article traite de l’existence globale de solutions faibles pour les équations de Navier–Stokes régissant un écoulement
compressible barotrope soumis à de grandes forces extérieures avec données initiales discontinues. Pour une loi de pression crois-
sante générale, qui inclus le modèle polytropique typique pour tout rapport de chaleurs spécifiques, quand il existe une solution
stationnaire unique loin du vide et quand la peturbation initiale est suffisamment petite en norme L2 ∩ L∞ pour la densité et en
norme H 1 pour la vitesse, les auteurs obtiennent l’existence globale de solutions faibles en exploitant la structure des équations de
Navier–Stokes et celle des états stationnaires.
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This paper concerns viscous compressible barotropic fluids in three space dimensions. The fluid motion is described
in the following form by the conservation laws of mass and momentum:
ρt + div(ρu) = 0, (1.1)
(ρu)t + div(ρu ⊗ u) − μu − (μ + λ)∇(divu) + ∇P(ρ) = ρF˜ , (1.2)
where x ∈ Ω ⊂ R3, t ∈ (0, T ) and
ρ(x, t), u(x, t) = (u1(x, t), u2(x, t), u3(x, t)), P = P(ρ)
represent respectively the fluid density, velocity, and pressure, F˜ is the external force, and the viscosity coefficients
μ, λ are assumed to satisfy μ > 0 and 3λ + 2μ 0 by physical requests.
The local (in time) solvability in classical spaces to the various initial boundary value problems for the full
Navier–Stokes system (including also the conservation law of energy) was obtained by Nash [17], Solonnikov [19],
and Tani [20]. The first result about the global theory is that of Matsumura and Nishida [11], who proved the global
existence of H 3-solutions around a constant state for the Cauchy problem without external forces. Afterwards, in the
case that external force field is small enough, and for the interior or exterior problems, see [11–13,18,22]. But there
have been no remarkable results in the case with large external potential forces except for that of Matsumura and
Padula [14], who proved the stability of the corresponding stationary state (more precisely, the global existence of
H 3-solutions which tend toward the stationary solution) for the interior problems.
On the other hand, discontinuous, namely weak solutions play important roles in the physical as well as in the
mathematical theory, and the problem of global existence of those has been attracting the attention of many mathe-
maticians. In the case of ‘small data’, the most general results are those of Hoff [4–6] extending that of [11] (that is to
say, for the Cauchy problem without external forces), who proved the global existence of weak solutions in the cases
of P = aργ (γ  1), and for the full system. In the case of ‘large data’, however, many problems are open even for the
barotropic model. Various researches for these problems have been done by Vaigant and Kazhikhov [21], Lions [10],
Feireisl [2] and so on. In particular, for large F˜ = ∇f and P = aργ , under the condition that γ > 3/2, Feireisl and
Petzeltová [3], Novotny and Straškraba [16] prove that for different boundary conditions, the density of any global
weak solution converges to the steady state density in Lq space for some q as time goes to infinity if there exists a
unique steady state.
Under these backgrounds, placing emphasis on large external forces and weak solutions, we consider the Cauchy
problem of (1.1)–(1.2) with the initial data,
(ρ,u)(x,0) = (ρ0, u0)(x), infρ0 > 0, (1.3)
and with the external force in the form F˜ = ∇f .
Under the condition that large external forces satisfy suitable decay properties in the far field, i.e., f ∈ H 4(R3)
satisfies, for some M < ∞, ∥∥|x||∇f |∥∥
L∞ +
∥∥|x|2∣∣D2f ∣∣∥∥
L∞ M, (1.4)
with D2f := {(∂/∂x)αf | |α| = 2}, Matsumura and Yamagata [15] considered the case that the pressure P = aργ
with a > 0, γ  1. When the initial perturbation is suitably small in L2 ∩L∞ for density and in H 1 for velocity, they
obtained the global existence of weak solutions under an additional condition that γ , the ratio of specific heats, is
close to 1, which, however, excludes many significant physical models.
In this paper, we are supposed to obtain, for any f ∈ H 3(R3) and any P satisfying:
P = P(ρ) ∈ C2((0,∞)) with P(ρ) > 0, P ′(ρ) > 0, for ρ > 0, (1.5)
which includes the typical polytropic model P = aργ (γ > 0, a > 0), the global existence of weak solutions when
there exists a unique steady state away from vacuum and the initial perturbation is suitably small in L2 ∩ L∞ for
density and in H 1 for velocity. In particular, we remove the conditions, γ close to 1 and (1.4), which are essential in
the analysis in [15].
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Definition 1.1. We say that (ρ,u) is a weak solution to Cauchy problem (1.1)–(1.3) provided that
ρ ∈ L∞loc(0,∞;L∞(R3)), u ∈ L∞loc(0,∞;H 1(R3)) and for all test functions ψ ∈D(R3 × (−∞,∞)),
∫
R3
ρ0ψ(·,0) dx +
∞∫
0
∫
R3
(ρψt + ρu · ∇ψ)dx dt = 0,
and for j = 1,2,3,
∫
R3
ρ0u
j
0ψ(·,0) dx +
∞∫
0
∫
R3
(
ρujψt + ρuju · ∇ψ + P(ρ)ψxj
)
dx dt
−
∞∫
0
∫
R3
(
μ∇uj · ∇ψ + (μ + λ)(divu)ψxj
)
dx dt =
∞∫
0
∫
R3
ρfxj ψ dx dt.
Now, we take a constant ρ∞ > 0 and consider a steady solution (ρs(x), us(x)) satisfying the condition(
ρs(x), us(x)
)→ (ρ∞,0) as |x| → ∞.
Since the steady solution will turn out to be unique and us be zero (see Remark 2.2 below), it suffices to look for the
steady solution in the form (ρs,0) from the beginning. Then by (1.2)
∇P(ρs) = ρs∇f, ρs(x) → ρ∞ as |x| → ∞, (1.6)
which together with a formal calculation shows that ρs satisfies
ρs∫
ρ∞
ρ−1P ′(ρ) dρ = f (x).
Therefore, in order to avoid the vacuum states, it follows from (1.5) that we must expect
−
ρ∞∫
0
P ′(ρ)
ρ
dρ < inff (x) supf (x) <
∞∫
ρ∞
P ′(ρ)
ρ
dρ, (1.7)
which together with (1.5) again yields directly the following result concerning existence and uniqueness of steady
states.
Lemma 1.1. Assume that P and f ∈ H 3(R3) satisfy (1.5) and (1.7) respectively. Then there exists a unique solution
ρs of (1.6) satisfying ρs − ρ∞ ∈ (H 2 ∩ W 2,6)(R3). Moreover, there exist positive constants ρ and ρ depending on
‖f ‖H 3 such that
ρ < infρs  supρs < ρ. (1.8)
Let ρ and ρ be as in (1.8). One can easily derive from (1.5) that there exists some positive constant N such that
N−1  P ′(ρ) P(ρ) + P ′(ρ) + ∣∣P ′′(ρ)∣∣N, for ρ ∈ [ρ,ρ]. (1.9)
Remark 1.1. For further uses, we here state an estimate following directly from Lemma 1.1, (1.5), (1.6), (1.9) and the
embedding (H 2 ∩ W 2,6)(R3) ↪→ (W 2,3 ∩ W 1,∞)(R3),∥∥∇(ρs, f )∥∥W 1,3∩L∞  C(N,ρ,ρ,‖f ‖H 3). (1.10)
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Theorem 1.1. Fix a positive constant ρ∞ and the system parameters μ, λ. Assume that the pressure P satisfies (1.5)
and that the external force f ∈ H 3(R3) satisfying (1.7) is given. Then, there exists a positive constant ν0, depending
only on ‖f ‖H 3 , ρ∞, μ, λ, ρ, ρ and N , such that: if
ν0  C0 := ‖ρ0 − ρs‖L∞ + ‖ρ0 − ρs‖2L2 + ‖u0‖2H 1, (1.11)
then the Cauchy problem (1.1)–(1.3) has a global weak solution (ρ,u) satisfying:{
ρ − ρs ∈ C
([0,∞);H−1(R3)), ρ(·, t) − ρs ∈ (L2 ∩ L∞)(R3), a.e. t > 0,
u ∈ C([0,∞);L2(R3));
0 < infρ  supρ < ∞.
Moreover, (ρ,u) → (ρs,0) as t → ∞ in the sense that, for all q ∈ (2,∞],
lim
t→∞
∥∥(ρ(·, t) − ρs,u(·, t))∥∥Lq = 0.
We now comment on the analysis of this paper. The key step to prove Theorem 1.1 is to derive the uniform time-
independent L2-estimate on gradients of the velocity. To this end, we try to modify the analysis in [4,15]. However,
due to the arbitrariness of both the external force f and the pressure p, we cannot generalize directly the approach
in [4,15]. To overcome these difficulties, we use an idea due to Huang, Li and Xin [7], i.e., we first normalize the
momentum equation (1.2) by dividing it by ρs and by making a full use of the structure of the steady states (see (2.7)
below); then we can show that the power of the deviation of the pressure P(ρ) from the steady state pressure P(ρs)
are smaller than that of the deviation of the density ρ from the steady state ρs of the other terms. The combination
of these facts, the suitable smallness of the L∞ norm of the deviation of the density ρ from the steady state ρs , with
some careful estimates on the Lp norm for density and Lq for velocity (in the spatial direction) then yields the desired
estimates.
This paper is organized as follows:
In Section 2, we shall start to derive the required a priori estimates, in particular, mainly deal with the L2 bounds
for gradients of velocity.
Section 3 is devoted to the estimates for Lq bound for the density and Lp bounds for the velocity. To do that, we
shall employ the vorticity curlu and the quantity F (called “effective viscous flux”), given as follows:
F := ρ−1s
(
(λ + 2μ)divu − (P(ρ) − P(ρs))). (1.12)
We note here that Hoff [4,5] used the similar quantity, which was divided by P(ρs) in Matsumura and Yamagata [15],
but we here have divided it by ρs from technical reasons.
In Section 4, we shall get pointwise bounds for the density.
Finally, in Appendix A, we sketch how to construct approximate solutions for smooth initial data satisfying (1.11).
2. L2 bounds
In order to derive a priori estimates for smooth solutions of (1.1)–(1.2), we at first recall an elementary inequality
frequently used below, which follows directly by combining standard Sobolev inequalities (see Ziemer [23]) and
Hölder’s inequality.
Lemma 2.1 (Gagliardo–Nirenberg). For any f ∈ H 1(R3), we have
‖f ‖pLp  Cp‖f ‖(6−p)/2L2 ‖∇f ‖
(3p−6)/2
L2
, for p ∈ [2,6]. (2.1)
Let (ρ,u) be a smooth solution of (1.1)–(1.2) which is defined up to a positive time T , where, the assumption that
(ρ,u) is smooth means (ρ − ρ∞, u) ∈ C4 ∩H 4(R3 × [0, T ]). We define η := ρ − ρs,Ψ (T ) := ‖η‖L∞(R3×[0,T ]), and
Φ(t) := Φ1(t) + Φ2(t) + Φ3(t), with
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0tT
(∥∥u(t)∥∥2 + ∥∥η(t)∥∥2)+
T∫
0
∥∥∇u(t)∥∥2 dt,
Φ2(T ) := sup
0tT
∥∥∇u(t)∥∥2 +
T∫
0
∥∥u˙(t)∥∥2 dt,
Φ3(T ) := sup
0tT
σ (t)
∥∥u˙(t)∥∥2 +
T∫
0
σ(t)
∥∥∇u˙(t)∥∥2 dt,
where σ(t) := min{1, t}, and u˙ is called as the material derivative of u and generally given by:
f˙ = D
Dt
f := ft + ujfj .
(fj := fxj , and summation over repeated indices is understood.) Moreover, with respect to the notations for norms
which we shall use frequently later, we denote the usual norm Lp in the spatial direction by ‖ · ‖p , in particular the
L2 norm by ‖ · ‖ for simplicity. We also denote: ∫
f dx =
∫
R3
f dx.
From now on till the end of this paper, we assume that C0  1 and Φ + Ψ  ε0 < ρ/2 which gives ρ ∈ (ρ/2,2ρ).
Moreover, C ( 1) will denote a generic positive constant which may depend on ‖f ‖H 3 , ρ∞, ρ, ρ, μ, λ and N , but
not on T .
Then, our goal is to obtain the following a priori estimate, which follows directly from Propositions 3.1 and 4.1
below.
Proposition 2.1. There exist constants ε0 ∈ (0, ρ/2) and C  1 depending only on ‖f ‖H 3 , ρ∞, μ, λ, ρ, ρ and N such
that, if Φ(T ) + Ψ (T ) ε0 and C0  1, then Φ(T ) + Ψ (T ) CC1/40 .
Remark 2.1. Once we obtain Proposition 2.1, due to the monotone increasing property of pressure P , the remaining
arguments to obtain the global weak solution and its asymptotic behavior are almost the same as those of [2,4,5,10]
except the construction of approximate solutions for smooth initial data satisfying (1.11) which will be given in
Appendix A.
In the following Proposition 2.2, we derive a bound for the quantity Φ , which means that Φ is estimated by the
initial perturbation term C0, the Lp-norm for the density
R1(T ) :=
T∫
0
‖η‖10/310/3 dt,
and the higher order terms for the velocity
R2(T ) :=
T∫
0
∥∥∇u(t)∥∥33 dt, R3(T ) :=
T∫
0
σ(t)
∥∥∇u(t)∥∥44 dt,
owing to the convection term u · ∇u in (1.2).
Proposition 2.2. Φ(T ) C(C0 + Ψ 2/3(T )R1(T ) + R2(T ) + R3(T )).
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Φ1(T ) CC0, (2.2)
Φ2(T ) C
(
C0 + Ψ 2/3(T )R1(T ) + R2(T )
)
, (2.3)
Φ3(T ) C
(
C0 + Ψ 2/3(T )R1(T ) + R2(T ) + R3(T )
)
. (2.4)
Proof of (2.2). Applying the mass equation (1.1) and (1.6) we rewrite the momentum equation (1.2) in the form
ρu˙ + ρ
(∇P(ρ)
ρ
− ∇P(ρs)
ρs
)
− μu − (λ + μ)∇(divu) = 0. (2.5)
Multiplying (2.5) by u and integrating the resultant equation, we obtain after integration by parts,
t∫
0
∫
ρu · u˙ +
t∫
0
∫
ρu ·
(∇P(ρ)
ρ
− ∇P(ρs)
ρs
)
+
t∫
0
∫ (
μ|∇u|2 + (λ + μ)(divu)2)= 0. (2.6)
Here and in what follows we omit the symbols of integral variables, e.g. ‘dx dt’, ‘dx’ and so on, in integral notation
unless we are confused. Now noting that ∫
ρf˙ dx = d
dt
∫
ρf dx,
holds in general, the first term on the left-hand side of (2.6) is
t∫
0
∫
ρ
D
Dt
|u|2
2
= 1
2
∫
ρ|u|2
∣∣∣∣
t
0
.
The second one is
t∫
0
∫
ρu · ∇
ρ∫
ρs
P ′(s)
s
ds = −
t∫
0
∫
div(ρu)
ρ∫
ρs
P ′(s)
s
ds
=
t∫
0
∫
ρt
ρ∫
ρs
P ′(s)
s
ds
=
∫
G(ρ)
∣∣∣∣
t
0
,
with
G(ρ) :=
ρ∫
ρs
r∫
ρs
P ′(s)
s
ds dr.
Thus, we obtain the energy-balance relation:
∫ (1
2
ρ|u|2 + G(ρ)
)∣∣∣∣
t
0
+
t∫
0
∫ (
μ|∇u|2 + (λ + μ)(divu)2)= 0.
An easy observation that
C−1η2 G(ρ) Cη2,
which follows by use of G(ρs) = G′(ρs) = 0, ρ ∈ [ρ/2,2ρ] and (1.9), completes the proof of (2.2). 
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(ρ∞,0). Indeed, we let (ρs, us) be such a solution, then, by (2.7), it follows that |∇us | ≡ 0, namely us ≡ constant = 0.
Proof of (2.3). The key step to prove (2.3) is the following observation on the density and pressure deviation due
to [7]. Noticing that
ρ−1s
(∇(P(ρ) − P(ρs))− ηρ−1s ∇P(ρs))
= ∇(ρ−1s (P(ρ) − P(ρs)))− (P(ρ) − P(ρs))∇ρ−1s − ρ−2s η∇P(ρs)
= ∇(ρ−1s (P(ρ) − P(ρs)))+ (P(ρ) − P(ρs) − P ′(ρs)η)ρ−2s ∇ρs
= ∇(ρ−1s (P(ρ) − P(ρs)))+ η2ρ−2s ∇ρs
1∫
0
1∫
0
σP ′′(ρs + σλη)dσ dλ, (2.7)
we rewrite the momentum equation (2.5) as
ρu˙ − μu − (λ + μ)∇(divu) + ρs∇
(
ρ−1s
(
P(ρ) − P(ρs)
))
+ η2ρ−1s ∇ρs
1∫
0
1∫
0
σP ′′(ρs + σλη)dσ dλ = 0. (2.8)
Multiplying (2.8) by u˙ and integrating, we thus get
t∫
0
∫
ρ|u˙|2 − μ
t∫
0
∫
u˙ · u − (λ + μ)
t∫
0
∫
u˙ · ∇(divu)
= −
t∫
0
∫
ρ−1s u˙ · ∇ρsη2
1∫
0
1∫
0
σP ′′(ρs + σλη)dσ dλ −
t∫
0
∫
ρsu˙ · ∇
(
ρ−1s
(
P(ρ) − P(ρs)
))
= −
t∫
0
∫
ρ−1s u˙ · ∇ρsη2
1∫
0
1∫
0
σP ′′(ρs + σλη)dσ dλ
+
t∫
0
∫
divut
(
P(ρ) − P(ρs)
)+
t∫
0
∫
div(u · ∇u)(P(ρ) − P(ρs))
+
t∫
0
∫
ut · ∇ρsρ−1s
(
P(ρ) − P(ρs)
)+
t∫
0
∫
u · ∇u · ∇ρsρ−1s
(
P(ρ) − P(ρs)
)
=
5∑
i=1
Ii . (2.9)
First, after integration by parts, we can estimate the second term on the left of (2.9) as follows:
−μ
t∫
0
∫
u
j
t u
j
ll − μ
t∫
0
∫
ujukju
k
ll = μ
t∫
0
∫
u
j
tlu
j
l + μ
t∫
0
∫ (
u
j
l u
k
ju
k
l + ujukjlukl
)
 μ
2
∫
|∇u|2
∣∣∣∣
t
0
− C
t∫ ∫
|∇u|3.0
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−(λ + μ)
t∫
0
∫
u˙ · ∇(divu) μ + λ
2
∫
(divu)2
∣∣∣∣
t
0
− C
t∫
0
∫
|∇u|3.
Next, we can estimate the terms Ii (i = 1, . . . ,5) as follows:
I1  δ
t∫
0
∫
|u˙|2 + CδΨ 2/3(t)R1(t);
it follows from (1.1) that (
P(ρ)
)
t
= −div(P(ρ)u)− (ρP ′(ρ) − P(ρ))divu, (2.10)
which yields that
I2 =
∫
divu
(
P(ρ) − P(ρs)
)∣∣∣∣
t
0
+
t∫
0
∫ (
ρP ′(ρ) − P(ρ))(divu)2 −
t∫
0
∫
P(ρ)u · ∇ divu. (2.11)
Integration by parts leads to,
I3 =
t∫
0
∫
P(ρ)∂iu · ∇ui +
t∫
0
∫
P(ρ)u · ∇ divu +
t∫
0
∫
u · ∇u · ∇P(ρs),
which together with (2.11) and (1.10) yields that
I2 + I3 + I5 
∫
divu
(
P(ρ) − P(ρs)
)∣∣∣∣
t
0
+ C
t∫
0
(‖∇u‖2 + ‖∇u‖‖u‖6‖∇ρs‖3)

∫
divu
(
P(ρ) − P(ρs)
)∣∣∣∣
t
0
+ C
t∫
0
‖∇u‖2.
We use (2.10) again to estimate I4 as follows:
I4 =
∫
u · ∇ρsρ−1s
(
P(ρ) − P(ρs)
)∣∣∣∣
t
0
−
t∫
0
∫
ρ−1s P (ρ)u · ∇u · ∇ρs
−
t∫
0
∫
P(ρ)uiu · ∇(ρ−1s ∂iρs)+
t∫
0
∫
u · ∇ρsρ−1s
(
ρP ′(ρ) − P(ρ))divu

∫
u · ∇ρsρ−1s
(
P(ρ) − P(ρs)
)∣∣∣∣
t
0
+ C
t∫
0
‖∇u‖2,
where we have used the following simple fact:
−
t∫
0
∫
P(ρ)uiu · ∇(ρ−1s ∂iρs)
= −
t∫ ∫ (
P(ρ) − P(ρs)
)
uiu · ∇(ρ−1s ∂iρs)+
t∫ ∫
ρ−1s ∂iρs div
(
P(ρs)u
iu
)0 0
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t∫
0
‖η‖3‖u‖26‖∇ρs‖W 1,3 + C
t∫
0
‖u‖26‖∇ρs‖23 + C
t∫
0
‖∇u‖‖u‖6‖∇ρs‖3
 C
t∫
0
‖∇u‖2.
Substituting these estimates back into (2.9) and applying the previous bound (2.2), we then obtain (2.3) after choosing
δ suitably small. 
Proof of (2.4). Noticing that [
∂
∂t
+ div(u ·)
]
(ρφ) = ρφ˙,
and (1.2) is equivalent to
ρu˙ − μu − (λ + μ)∇(divu) = −∇(P(ρ) − P(ρs))+ η∇f, (2.12)
we operate σmu˙j [∂/∂t + div(u·)] to (2.12)j and integrate. Then we get:
t∫
0
σ
∫
ρ
D
Dt
|u˙|2
2
− μ
t∫
0
σ
∫
u˙j
(
u
j
t + div
(
uju
))
− (λ + μ)
t∫
0
σ
∫
u˙j
(
divujt + div(udivuj )
)
= −
t∫
0
σ
∫
u˙j
((
P(ρ)
)
j t
+ div(u(P(ρ) − P(ρs))j ))
+
t∫
0
σ
∫
u˙j
(
fjρt + div(uηfj )
)
. (2.13)
The first term on the left of (2.13) is
σ
2
∫
ρ|u˙|2
∣∣∣∣
t
0
− 1
2
t∫
0
σ ′
∫
ρ|u˙|2  σ(t)
2
∫
ρ|u˙|2(t) − C
t∫
0
∫
|u˙|2.
The second one on the left of (2.13) is:
μ
t∫
0
σ
∫ ((
u˙j
)
k
u
j
tk +
(
u˙j
)
k
u
j
llu
k
)
= μ
t∫
0
σ
∫ (
u˙j
)
k
(
ut + ulujl
)
k
+ μ
t∫
0
σ
∫ (−(u˙j )
k
(
ulu
j
l
)
k
+ (u˙j )
k
u
j
llu
k
)
 μ
t∫
0
σ
∫
|∇u˙|2 + μ
t∫
0
σ
∫ ((
u˙j
)
kl
ulu
j
k −
(
u˙j
)
kl
uku
j
l
)− C
t∫
0
σ
∫
|∇u˙||∇u|2
= μ
t∫
σ
∫
|∇u˙|2 − C
t∫
σ
∫
|∇u˙||∇u|2.0 0
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−(λ + μ)
t∫
0
σ
∫
u˙j
(
divujt + div(udivuj )
)
 (λ + μ)
t∫
0
σ
∫
(div u˙)2 − C
t∫
0
σ
∫
|∇u˙||∇u|2.
In light of (2.10), the first term on the right of (2.13) is:
t∫
0
σ
∫
div u˙
{(
P(ρ)
)
t
+ div(u(P(ρ) − P(ρs)))}+
t∫
0
σ
∫
u˙j div
(
uj
(
P(ρ) − P(ρs)
))
= −
t∫
0
σ
∫
div u˙
{(
ρP ′(ρ) − P(ρ))divu + div(uP (ρs))}−
t∫
0
σ
∫
u˙
j
i u
i
j
(
P(ρ) − P(ρs)
)
 δ
t∫
0
σ‖∇u˙‖2 + Cδ
t∫
0
(‖∇u‖2 + ‖u‖26‖∇ρs‖23)
 δ
t∫
0
σ‖∇u˙‖2 + Cδ
t∫
0
‖∇u‖2.
The second one on the right of (2.13) is:
t∫
0
σ
∫
u˙j
(−fj div(ρu) + div(uηfj ))=
t∫
0
σ
∫ {
ρui
(
u˙j fj
)
i
− u˙ji uiηfj
}
 δ
t∫
0
σ
(‖∇u˙‖2 + ‖u˙‖2)+ Cδ
t∫
0
‖u‖26‖∇f ‖2W 1,3
 δ
t∫
0
σ
(‖∇u˙‖2 + ‖u˙‖2)+ Cδ
t∫
0
‖∇u‖2.
Substituting these estimates back into (2.13), choosing δ suitably small, and applying (2.2) and (2.3), we thus obtain
(2.4). 
3. Lq bound for density and Lp bounds for velocity
In this section, we shall derive bounds for the terms R1, R2, and R3, so that we close the estimates for Φ as in
Proposition 3.1 below. All the assumptions and notations described in Section 2 will continue in this section.
Proposition 3.1. If ε0 is suitably small, then
Φ(T ) CC0. (3.1)
Proof. Proposition 3.1 follows directly from Proposition 2.2 and the following lemma. 
Lemma 3.1. If ε0 is suitably small, then
R1(T ) C
(
C
5/3
0 + Φ5/3(T )
)
, (3.2)
R2(T ) C
(
C0 + Φ3/2(T )
)
, (3.3)
R3(T ) C
(
C0 + Φ2(T )
)
. (3.4)
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formal proof. For more details, see Hoff [4].
Lemma 3.2. For p,q ∈ (1,∞), t > 0, the following estimates hold:∥∥∇u(t)∥∥
p
 Cp
(∥∥F(t)∥∥
p
+ ∥∥curlu(t)∥∥
p
+ ∥∥η(t)∥∥
p
)
, (3.5)∥∥∇F(t)∥∥
q
+ ∥∥∇ curlu(t)∥∥
q
 Cq
(∥∥u˙(t)∥∥
q
+ ∥∥∇u(t)∥∥
q
+ ∥∥η2(t)∥∥
q
)
, (3.6)
with F as in (1.12).
Proof. The estimate (3.5) follows easily from the following well-known inequality:
‖∇φ‖p  Cp
(‖divφ‖p + ‖curlφ‖p),
for φ ∈ W 1,p .
To prove (3.6), we rewrite Eq. (2.8) using the quantity F defined by (1.12), in light of (1.10), as follows:
∇F − μ curl(ρ−1s curlu)= ρ−1s ρu˙ + G, (3.7)
with |G| C(|∇u| + η2). Operating ∇−1 div, we get the required result for ∇F , which, together with (3.7) and the
following estimate,
‖∇ curlu‖q  C
∥∥curl(ρ−1s curlu)∥∥q + C‖∇u‖q,
yields the required bound for ∇ curlu. 
Proof of Lemma 3.1. First, we prove (3.2). We rewrite Eq. (1.1) as
(2μ + λ) D
Dt
η + ρ(P(ρ) − P(ρs))= −ρρsF − (2μ + λ)u · ∇ρs. (3.8)
Multiplying (3.8) by ρη7/3, we then obtain
3(2μ + λ)
10
ρ
D
Dt
η10/3 + ρ2η7/3(P(ρ) − P(ρs))= −ρ2ρsη7/3F − (2μ + λ)ρη7/3u · ∇ρs,
which together with (1.9) yields that there exists a positive constant C˜ such that
ρ
D
Dt
η10/3 + C˜η10/3  CF 10/3 + C|u|10/3.
Integrating and by use of (3.6),
∫
ρη10/3
∣∣∣∣
t
0
+ C˜
t∫
0
∫
η10/3  C
t∫
0
(‖F‖4/3‖∇F‖2 + ‖u‖4/3‖∇u‖2)
 CΦ2/3(t)
t∫
0
‖∇F‖2 + CC5/30
 CΦ2/3(t)
t∫
0
(‖u˙‖2 + ‖∇u‖2 + ‖η‖44)+ CC5/30
 CC5/30 + CΦ5/3(t) + CΦ2/3(t)Ψ 2/3(t)
t∫
0
∫
η10/3.
Thus, if Φ(T ) + Ψ (T ) ε0 and ε0 is suitably small, (3.2) holds.
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T∫
0
σ
∥∥(F, |curlu|, η)∥∥44  C(C0 + Φ2(T )). (3.9)
It follows easily from (3.2) and (3.6) that
sup
0tT
σ (t)
(∥∥∇F(t)∥∥2 + ∥∥∇ curlu(t)∥∥2)+
T∫
0
(∥∥∇F(t)∥∥2 + ∥∥∇ curlu(t)∥∥2) C(C0 + Φ(T )), (3.10)
which yields that
T∫
0
σ‖F‖44  C
T∫
0
σ‖F‖‖∇F‖3
 sup
0tT
(‖F‖2 + σ‖∇F‖2)
T∫
0
‖∇F‖2
 C
(
C20 + Φ2(T )
)
. (3.11)
Similarly, one can get the bound for curlu.
For the bound for η, we multiply (3.8) by σρη3 to get:
σρ
D
Dt
η4 + C−1ση4  Cσ (F 4 + |u|4). (3.12)
Integrating the first term in t by parts,
σ(T )
∫
ρη4(T ) +
T∫
0
σ
∫
η4  C
1∫
0
∫
η4 +
T∫
0
σ
∫ (
F 4 + |u|4).
Noticing that the first term on the right side is bounded by CC0Ψ 2(1) due to (2.2), and that the second integral on the
right has already been estimated in (3.11) (where the term for u may be estimated similarly), we then obtain (3.9).
Finally, we prove (3.3). When T  1, it suffices to estimate, due to (3.5),
T∫
0
‖F‖33,
T∫
0
‖curlu‖33,
T∫
0
‖η‖33.
For the term of F , we have, by (2.2) and (3.10),
T∫
0
‖F‖33 
T∫
0
‖F‖3/2‖∇F‖3/2

( T∫
0
‖F‖6
)1/4( T∫
0
‖∇F‖2
)3/4
 C
(
C
3/2
0 + Φ3/2
)
.
Similarly, one can get the bound for curlu. For the term of η, in light of T  1, (2.2) yields that
T∫
‖η‖33  CΨ (T )
T∫
‖η‖2  CC0.0 0
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T∫
1
‖∇u‖3
L3 
( T∫
1
‖∇u‖2
)1/2( T∫
1
‖∇u‖44
)1/2
 C
(
C0 + Φ3/2
)
.
We thus finish the proof of (3.3). 
4. Pointwise bounds
In this section, we derive pointwise bounds for the density, Proposition 4.1 below, which together with
Proposition 3.1 yields easily the key a priori estimates Proposition 2.1. All the assumptions and notations described
in Section 2 will continue to hold throughout this section.
Proposition 4.1. If ε0 is suitably small, then
Ψ (T ) CC1/40 . (4.1)
Proof. When T  1, integrating (3.8) over a fixed particle path x(t), we obtain that, for t ∈ (0, T ],
|η|(x(t), t) C
(
C0 +
t∫
0
(‖F‖∞ + ‖u‖∞)+
t∫
0
|η|(x(s), s)ds
)
.
Applying Grönwall’s inequality in light of t  1, and taking appropriate supremums, we then get:
Ψ (T ) C
(
C
1/4
0 + A(T )
)
,
with
A(T ) :=
T∫
0
(‖F‖∞ + ‖u‖∞)
 C
T∫
0
(‖u‖ + ‖F‖ + ‖∇u‖4 + ‖∇F‖4)
 C
T∫
0
(‖u‖ + ‖F‖ + ‖∇u‖4 + ‖η‖4 + ‖u˙‖4)
 CC1/20 + C
T∫
0
(‖∇u‖4 + ‖η‖4 + ‖u˙‖4),
where (3.6) and (3.1) have been used in the last two inequalities respectively.
We derive from (3.4) and (3.1) that
T∫
0
‖∇u‖4 
( T∫
0
σ−1/3
)3/4( T∫
0
σ‖∇u‖44
)1/4
 C
(
C
1/4
0 + Φ1/2(T )
)
 CC1/4.0
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T∫
0
‖u˙‖4  C
T∫
0
‖u˙‖1/4‖∇u˙‖3/4

( T∫
0
σ−3/4
)1/2( T∫
0
‖u˙‖2
)1/8( T∫
0
σ‖∇u˙‖2
)3/8
 CC1/40 .
When T  1, we integrate (3.12) (divided by ρ on both sides) along particle trajectories to obtain that, for t ∈ [1, T ],
∥∥η(t)∥∥4∞  ∥∥η(1)∥∥4∞ + C
t∫
1
(‖u‖4∞ + ‖F‖4∞)
 Ψ 4(1) + C
t∫
1
(‖u‖2‖∇u‖2 + ‖∇u‖44)+ C
t∫
1
‖F‖2/36 ‖∇F‖10/310/3
 CC0 + C
t∫
1
‖∇F‖2/3‖∇F‖10/310/3
 CC0 + CC1/30
t∫
1
‖∇F‖10/310/3, (4.2)
where we use (3.4), (3.1) in the third inequality and (3.10), (3.1) the last one. It follows from (3.6) that
t∫
1
‖∇F‖10/310/3  C
t∫
1
(‖u˙‖10/310/3 + ‖∇u‖10/310/3 + ‖η‖20/320/3)
 C
t∫
1
(‖u˙‖10/310/3 + ‖∇u‖2 + ‖∇u‖44 + ‖η‖44),
which, together with (3.4), (3.9), (4.2), and
t∫
1
‖u˙‖10/310/3  C
t∫
1
‖u˙‖4/3‖∇u˙‖2
 C sup
1tT
‖u˙‖4/3
T∫
1
‖∇u˙‖2
 CΦ5/3(T ),
yields the desired estimate (4.1). 
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In this section, we apply the a priori estimates, Proposition 2.1, to complete the proof of the main result,
Theorem 1.1, stated in Section 1. Thus, let (ρ0, u0) be initial data as described in Theorem 1.1. Let jδ be the standard
mollifier, and define
ρδ0 = jδ ∗ ρ0, uδ0 = jδ ∗ u0, f δ = jδ ∗ f.
Let ρδs be the unique solution of (1.6) with f replaced by f δ . Then ρδ0 − ρ∞, uδ0 ∈ H∞ ⊆ C∞, and the initial norm
for (ρδ0, u
δ
0) (i.e., the right side of (1.11) with (ρ0, u0, ρs) replaced by (ρδ0, uδ0, ρδs )) is bounded by C0 + m(δ) with
m(δ) → 0 as δ → 0.
Standard local existence results (see, for example, Matsumura and Nishida [11, Theorem 5.2]) now apply to show
that there exists a smooth local solution (ρδ, uδ) of (1.1)–(1.3) with initial data (ρδ0, uδ0) and external force f δ defined
up to a positive T which may depend on δ and satisfying ρ  ρ  ρ for positive constants ρ, ρ which are independent
of δ. We choose ν0  1/2 such that
C(2ν0)1/8  ε0/2, (A.1)
with C and ε0 as in Proposition 2.1. Thus, there exists some suitably small δ0 > 0 such that m(δ)  ν0 for all
0 < δ  δ0. In the following and what follows, we always assume that C0  ν0 and 0 < δ  δ0. We will extend
the smooth local solution (ρδ, uδ), simply denoted by (ρ,u) after dropping the superscript δ, defined on R3 × (0, T ],
to all time. To this end, we need a series of a priori estimates (cf. [8]).
Lemma A.1. The following estimates hold
sup
0tT
‖u˙‖2 +
T∫
0
‖∇u˙‖2  C, (A.2)
sup
0tT
(‖∇ρ‖L2∩L6 + ‖u‖H 2)+
T∫
0
‖∇u‖L∞  C, (A.3)
sup
0tT
(‖ρ − ρ∞‖H 3 + ‖u‖H 4 + ‖∇ut‖H 1) C, (A.4)
where, besides ‖f ‖H 3 , ρ∞, μ, λ, ρ, ρ and N , the positive constant C may depend on ‖u0‖H 4,‖ρ0 − ρ∞‖H 3 and T
also.
We set T ∗ = sup{T | Φ(T ) + Ψ (T )  ε0}. Noticing that Φ(0) + Ψ (0)  ε0/2, there exists some T0 ∈ (0, T ]
such that Φ(T0) + Ψ (T0)  ε0. Hence, T ∗  T0 > 0. We claim that T ∗ = ∞. Otherwise, we have T ∗ < ∞ and
Φ(T ∗) + Ψ (T ∗) = ε0. Proposition 2.1 yields that Φ(T ∗) + Ψ (T ∗) C(C0 + m(δ))1/8  ε0/2 which gives a contra-
diction. The combination of standard local existence results with Lemma A.1 thus shows that (ρ,u) in fact exists for
all time 0 < T < T ∗ = ∞. Therefore, we have
Theorem A.1. Under the conditions of Theorem 1.1, there exists a positive constant ν0, depending only on ‖f ‖H 3 ,
ρ∞, μ, λ, ρ, ρ and N , such that the smooth solution (ρδ, uδ) exists on R3 × [0, T ] for all T > 0 independent of δ
provided (1.11) holds and δ is suitably small.
It remains to prove Lemma A.1. Before proving it, we state an estimate which extends the well-known Beale–
Kato–Majda inequality (cf. [1]) for incompressible flows to the one for compressible ones (cf. [8]).
Lemma A.2. For 3 < q < ∞, there is a constant C(q) such that the following estimate holds for all ∇u ∈ {∇u ∈ L2 |
∇2u ∈ Lq},
‖∇u‖L∞  C
(‖divu‖L∞ + ‖curlu‖L∞) log(e + ∥∥∇2u∥∥Lq )+ C‖∇u‖L2 + C. (A.5)
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Next, we will use an idea due to Huang, Li and Xin [8] to prove the key estimate (A.3). For 2  p  6, |∇ρ|p
satisfies: (|∇ρ|p)
t
+ div(|∇ρ|pu)+ (p − 1)|∇ρ|p divu
+ p|∇ρ|p−2(∇ρ)t∇u(∇ρ) + pρ|∇ρ|p−2∇ρ · ∇ divu = 0.
Thus,
∂t‖∇ρ‖Lp  C
(
1 + ‖∇u‖L∞
)‖∇ρ‖Lp + C∥∥∇2u∥∥Lp
 C
(
1 + ‖∇u‖L∞
)‖∇ρ‖Lp + C‖ρu˙‖Lp + C, (A.6)
due to ∥∥∇2u∥∥
Lp
 C
(‖ρu˙‖Lp + ∥∥∇(P − P(ρs))∥∥Lp + ‖η‖Lp)
 C‖ρu˙‖Lp + C‖∇ρ‖Lp + C, (A.7)
which follows from the standard Lp-estimate for the following elliptic system:
μu + (μ + λ)∇ divu = ρu˙ + ∇(P − P(ρs))− η∇f, u → 0 as |x| → ∞.
It follows from Lemma A.2 and (A.7) that
‖∇u‖L∞  C
(‖divu‖L∞ + ‖curlu‖L∞) log(e + ∥∥∇2u∥∥L6)+ C‖∇u‖L2 + C
 C
(‖divu‖L∞ + ‖curlu‖L∞) log(e + ‖u˙‖L6 + ‖∇ρ‖L6)+ C
 C
(‖divu‖L∞ + ‖curlu‖L∞) log(e + ‖∇u˙‖L2)
+ C(‖divu‖L∞ + ‖curlu‖L∞) log(e + ‖∇ρ‖L6)+ C. (A.8)
Set:
f (t) e + ‖∇ρ‖L6, g(t) 1 +
(‖divu‖L∞ + ‖curlu‖L∞) log(e + ‖∇u˙‖L2)+ ‖∇u˙‖L2 .
Combining (A.8) with (A.6) and setting p = 6 in (A.6), one gets
f ′(t) Cg(t)f (t) + Cg(t)f (t) lnf (t) + Cg(t),
which yields (
lnf (t)
)′  Cg(t) + Cg(t) lnf (t), (A.9)
due to f (t) > 1. Note that the Gagliardo–Nirenberg inequality, (A.2), (3.5) and (3.6) give:
T∫
0
g(t) dt  C
T∫
0
(‖divu‖2L∞ + ‖curlu‖2L∞)dt + C
 C
T∫
0
(‖F‖2L∞ + ∥∥P − P(ρs)∥∥2L∞ + ‖curlu‖2L∞)dt + C
 C
T∫
0
(‖F‖2
L2 + ‖∇F‖2L6 + ‖curlu‖2L2 + ‖∇ curlu‖2L6
)
dt + C
 C
T∫
0
(‖∇u˙‖2
L2 + ‖u˙‖2L2
)
dt + C
 C, (A.10)
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sup
0tT
f (t) C.
Consequently,
sup
0tT
‖∇ρ‖L6  C. (A.11)
As a consequence of (A.8), (A.10) and (A.11), one obtains:
t∫
0
‖∇u‖L∞ dt  C. (A.12)
Next, taking p = 2 in (A.6), one gets by using (A.12), (A.2) and Grönwall’s inequality that
sup
0tT
‖∇ρ‖L2  C,
which, together with (A.7), (A.2), (3.1), (A.11) and (A.12), gives (A.3).
Finally, (A.4) follows from (A.3) by a similar way like [9]. The proof of Lemma A.1 is completed. 
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